The problem of delivering personal audio content to listeners sharing the same acoustic space has recently attracted attention. It has been shown that a perceptually acceptable level of acoustic separation between the listening zones is difficult to achieve with active control in non-anechoic conditions. A common problem of strong first order reflections has not been examined in detail for systems with practical constraints. Acoustic contrast maximization combined with optimization of source positions is identified as a potentially effective control strategy when strong individual reflections occur. An analytic study is carried out to describe the relationship between the performance of a 2×2 (two sources and two control sensors) system and its geometry in a single-reflection scenario. The expression for acoustic contrast is used to formulate guidelines for optimizing source positions, based on three distinct techniques: Null-Split, Far-Align, and Near-Align.
I. Introduction
The problem of sound zones arises from the desire to reproduce different audio material for listeners occupying the same acoustic space. It is possible to create independent listening regions using an array of loudspeakers and active control of sound 1 . Such a personal audio system offers a useful alternative to headphones, which may be uncomfortable when worn over long periods, impede conversation, and hinder audibility of sounds from the environment.
The main requirement for a sound zone system is to produce large acoustic separation (acoustic contrast) between two or more regions in space by attenuating the audio played for one listener in locations occupied by the others. In sound zone nomenclature, each listener occupies the acoustically bright zone for their own audio program while remaining in the dark zone for other programs. The minimum acoustic contrast required for the listener to find the interference from the unwanted program acceptable depends on the program type and the listening circumstances, and may be in the range of 10-40 dB 2 . The capability of a system to produce such contrast may depend on parameters such as the number of sources and control sensors, their geometry, sound zone size and relative position, control method, and the acoustic environment. Experimental results reported in the literature show that the lower bounds of the required contrast are attainable and can be exceeded by most physical systems, irrespective of their specification or acoustic conditions [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The upper limit has only been approached in an anechoic or a strongly damped room 8, 9 , or with the zones located close to the sources 4, 10 where the direct-to-reverberant energy ratio (DRR) is large. This indicates the damaging effect of room reflections on contrast. The amount of contrast deterioration due to reflections has been quantified in studies that evaluated the same systems both under anechoic and reflective conditions 4, 9, 10, 13 . These results are summarized in Table I, showing that the lowest contrast decreased by at least 5 dB when reflections occurred. For systems just reaching the required minimum contrast under anechoic conditions, such a change may render interference from the competing sound program perceptually unacceptable.
Methods for reducing the impact of reflections on the performance of sound zone systems, that are complementary to passive acoustic treatment or locating the sources close to zones, have also been investigated. Elliott et al. 13 proposed regularization as a means for improving contrast in a diffuse sound field. Simón-Gálvez et al. 11 used loudspeakers with hyper-cardioid directivity to reduce radiation to the back of the array, potentially diminishing the influence of reflections from the wall behind. Wen et al. 14 showed the advantages of using the optimal beamformer with a constrained control effort (maximum control gain method, also referred to as brightness control (BC) 1, 15 , or control effort minimization 5 ) in a reflective room. The problem of limiting the influence of indirect sound on performance has not be discussed explicitly in other sound zone studies, but techniques that can reduce the array radiation similarly to regularization, directive sources, or effort-constrained beamforming have been discussed. These included the sound power minimization (SPM) method 5, 16 and surrounding the bright zone with a two-layered source array 17 . In a number of studies, room responses were incorporated into the source weight optimization process, which resulted in active attenuation of reflections in the dark zone 4, 9, 10, 12 .
A detailed evaluation of the methods listed above has not been carried out in reflective rooms. Selecting a sound zone reproduction strategy that is best suited for a particular system and type of room is therefore an unsolved problem. In commercial systems for sound reproduction in the home it is often desirable to reduce the system size, as rooms are not used exclusively for listening. Acoustic studies on domestic rooms show typically low reverberation time and uneven distribution of absorptive materials such as furniture and decorative elements 18 . In such rooms the sound field is far from diffuse and can be dominated by the direct sound and specular first order reflections 19 (for instance from exposed walls) that affect sound reproduction when uncontrolled 20 . Furthermore, contrary to headrest systems 4,5 , locating loudspeakers close to the listener is usually impractical. Motivated by such applications, this article focuses on determining the most suitable control strategy for small domestic sound zone systems with strong individual room reflections and developing techniques for increasing the contrast with loudspeakers displaced from the listener.
First, sound zone generation strategies that can be effective with small systems are considered (Sec. II). Combining the acoustic contrast control (ACC) method 15 with optimization of source positions is identified as a means of maximizing contrast when strong isolated reflections occur. The optimization problem is examined systematically, starting with the analysis of a 2×2 system (two monopole sources and two control sensors) with a single surface (Sec. III). The expression for acoustic contrast produced by the system is derived, providing a common framework for exploring directivity optimization and active attenuation of a reflection. The analysis (Sec. IV) results in three techniques to reduce indirect sound in the dark zone: Null-Split (pointing the directivity null at the surface and exploiting the array symmetry), Far-Align (null sharing between the dark zone and surface) and Near-Align (taking advantage of the spatial match between the sources and their images with respect to the dark zone). The geometrical requirements for improved direct sound control discussed in the literature 4, 5 are also formalized and put on a common algebraic footing with the Null-Split, Far-Align, and Near-Align techniques. Furthermore, acoustical simulations are used to formulate guidelines for selecting the most suitable technique for a given system-surface geometry (Sec. V). Source positions are also optimized numerically for the 2×2 and extended systems (2×50 and 3×50) with up to two surfaces, and the obtained geometries are related to the analytic solutions. The optimized systems are evaluated for acoustic contrast, and the results are compared with those of non-optimized configurations, an alternative reflection strategy (SPM), and the upper contrast limit produced by the system optimized for and performing under anechoic conditions. Finally, the robustness of the techniques to implementation errors is examined and the conclusions are drawn (Sec. VI).
II. Background
In this section, aspects of direct sound and reflection control with small systems are discussed and methods for improving performance are identified, followed by the introduction of a 2×2 sound zone system. The acoustic contrast measure and the ACC method are also described.
A. Identification of a suitable control strategy
In the considered acoustic environment, a sound zone system must be able to attenuate the direct sound and low order reflections effectively in the dark zone, while directing sound energy into the bright zone to produce large contrast. The aforementioned ACC method has been shown to provide large contrast over a wider bandwidth than least squares pressure matching 10, 11, 21 (PM) with a limited number of sources under anechoic conditions 1 . Furthermore, it was demonstrated for small systems operating in a free field that ACC can outperform SPM or BC 5 . The effectiveness of ACC in controlling the direct sound will depend, among other things, on source positioning. With a limited number of control sensors in commercial systems, a compact source arrangement may be beneficial. This was demonstrated by Elliott and Jones 4 who examined a pair of free-field monopoles, arranged to simulate a personal audio system for listeners in two adjacent aircraft seats. Compared to a widely-spaced array, compact sources resulted in a broader directivity null that encompassed all of the dark zone sensors, thus improving contrast. The above discussion warrants the choice of ACC based on a compact source array as the most suitable approach for the considered problem, provided that appropriate handling of reflections is ensured.
In the presence of a strong reflection, locating the source on the reflecting surface avoids interference from image sources, but restricts the array geometry and may not always be feasible. An alternative approach could be to use regularization to keep the array effort below a certain limit 1 . This would reduce the radiation from the array at problematic frequencies, increasing the system's robustness to reflections. However, contrast achieved for the direct sound could deteriorate 1 . For a specific acoustic environment, limiting the array radiation in the directions of the strongest reflections into the dark zone offers a more focused approach.
Optimizing the array directivity so that the nulls are aligned with such directions is therefore a valid alternative to regularization. The nulls can be steered by adjusting source weights and positions with respect to the dark zone and surfaces 22 . This can be complementary to using directive sources.
By considering a reflection in the source weight optimization process, the ACC method will attenuate or cancel it at the control points in the dark zone. This process is subject to the same limitations as local dereverberation in room equalization (canceling or reducing any reflected signals at listening positions) 23 or active noise control 24 . A common problem is a rapid drop of performance with increasing distance from the control points 25, 26 . This can be alleviated by controlling both pressure and pressure gradient 27, 28 , adding sensors 25, 29 , preconditioning room responses (smoothing) 30 , or geometrical optimization to improve the match between the direct and reflected wavefronts at the control points 31 . The last method offers the most practical benefits, as it may improve attenuation away from the control locations without additional equipment or signal processing.
The above discussion indicates that ACC with optimized source positions is a potentially effective strategy for maximizing contrast with small systems when strong individual reflections occur in a room. Source position optimization will be the focus of Secs. IV and V, after the background to the problem has been presented. 
B. Sound zone system under analysis
where K = jρck 4π in which ρ is the air density, c is the speed of sound, and k is the wavenumber proportional to frequency. By analogy, transfer functions between each source and the nth monitor sensor in zone B are
It is convenient to define the sound pressure at each sensor using the principle of super- 
C. Acoustic contrast
The system's success can be quantified by evaluating the ratio of the sum of modulus squared sound pressures at monitor sensors in zone A and zone B. This ratio, known as acoustic contrast, is defined by
Large acoustic contrast indicates that the interference from the sound program targeted at zone A is acceptable for the listener in zone B (see Sec. I).
D. Acoustic contrast control
ACC is a sound energy control method that aims to maximize the acoustic contrast between the setup locations in zones A and B 15 . The optimal source weights can be found by solving a constrained optimization problem using the method of Lagrange multipliers.
The squared pressure in zone B is to be minimized with the constraints that the squared pressure in zone A and the sum of squared source weights (array effort) are set to certain chosen values. This leads to the following Lagrangian function:
where µ and β are the Lagrangian multipliers, and A and E are the chosen values of the squared pressure at the setup sensor in zone A and the array effort respectively. The minimum of function J can be found by calculating partial differentials with respect to q, µ and β and setting them to zero, which yields
as well as
The optimal source weight vector is therefore proportional to the eigenvectorq corresponding to the largest eigenvalue of the matrix 13 ). The constraint that the squared sound pressure in zone A must be equal to a value A can be enforced by multiplyingq by an appropriate scaling factor and the effort constraint can be satisfied by adjusting the value of β. The latter therefore regularizes the matrix G H B G B . Alternatively, β can be set to a frequency independent value that is large enough to ensure validity of the numerical solution, for instance when the number of setup sensors in zone B is lower than the number of sources (in such cases, the matrix G H B G B is singular). For a 2×2 system, the regularized ACC solution is equivalent to crosstalk cancellation 7 and PM 11 .
III. Analytical Solution
This section presents the analytical solution to the ACC problem. Hence, the expression is derived for acoustic contrast produced by the examined system.
A. Optimal source weights
The ACC problem can be solved analytically using the procedure outlined in Sec. II.D.
For a general 2×2 system, a regularized solution must be derived (G H B G B is singular). Eq. (5) was therefore used to find the elements of the unscaled optimal source weight vectorq.
The ratio of these elements formed an expression that included terms in the regularization parameter β. These terms were neglected assuming β → 0. The resulting expression for
with the superscript * denoting a complex conjugate. Substituting this result intop B = G Bq shows that, with no regularization, the sources simply cancel the sound pressure at the setup sensor in zone B.
ACC can therefore be considered as comprising direct and reflected sound cancelers.
B. Acoustic contrast expression
The complex sound pressure produced by the cancelers at the nth monitor sensor in zone B can be defined asô
Substituting Eqs. (1) and (2) into Eq. (6) yields
Bn are the squared sound pressure components that arise due to the operation of the direct and reflected sound cancelers. The components are detailed in Table II Bn -direct and reflected components due to reflected sound canceler respectively. It is noteworthy that these components can be related to directivity patterns of first-order differential arrays 33 . The remaining components depend on the key components. Eq. (7) and a similarly-defined squared sound pressure in zone A can be substituted to Eq. (3) to find contrast. Note that 4 K 2 Q 2 does not affect contrast, as it is a common factor in the resulting expression.
IV. Geometrical Optimization: Analysis
In the following, the acoustic contrast expression is used to search geometrically for system configurations that maximize the contrast. The solution is dominated by the poles of Eq. (3) when sound pressure in zone B is close to zero. Eq. (7) is therefore analyzed to find source positions that minimize pressure in that zone. System geometries that increase the contribution of sound pressure in zone A to contrast are also investigated.
A. Minimization of sound pressure in the dark zone
The focus of this section is three techniques to minimize the squared sound pressure components that arise from analysis of the reflection in zone B and the operation of the
produced by the direct sound canceler is also analyzed to inform the design of the systems' secondary degree of freedom.
Null-Split technique. ComponentÔ D ′
Bn can be reduced directly by appropriate orientation of the sources with respect to zone B. The orientation must be such that the difference
Bn , is minimized. Fig. 2a shows an example configuration to achieve this aim. Ensuring that ±φ B = ∓φ ′ B , where φ B ≠ 0 ○ , splits the directivity null generated by the physical array between the direct and reflected paths to the setup sensor in zone B; hence, the technique is referred to as the Null-Split. The principle is similar to null-splitting between two dark zones, discussed by Jones and 
B. Bright zone considerations
While attenuating sound in zone B is of primary importance for producing large contrast, the influence of the above techniques on the sound pressure in zone A must also be examined.
Source weightsq will result in a low efficiency of radiation into zone A at low frequencies, which increases the array effort of the scaled source weights q 13, 16 . To minimize the effort and achieve large contrast, the produced SPL peaks should coincide with zone A 5 . With a single surface, the peaks maintain a high DRR, and so collocating a maximum of the direct sound radiation with zone A is a valid means of enhancing contrast and reducing effort.
Jones and Elliott 5 observed that for a pair of free-field monopoles with the ACC weights, the position of directivity peaks changed with the array orientation with respect to the dark zone. Although these results indicate suitable zone A locations for the examined system, it is desirable to define precise geometrical requirements that must be met to increase this zone's pressure contribution to contrast. located on the other side of the axis normal than zone B's setup sensor, and within the required range of θ A that is the largest for φ B ∈ {0 ○ , ±180 ○ } and decreases as φ B → ±90 ○ ; in the limit, the most suitable locations for zone A center are perpendicular to the axis normal (in either direction). Note that except for this special case, for any given value of φ B the required range of θ A consists of pairs of identical values with opposite signs. This means that zone A center can be suitably located on either side of the array axis.
V. Geometrical Optimization: Simulations
Having derived analytic techniques for maximizing the acoustic contrast, simulations are now presented. First, the Null-Split, Far-Align, and Near-Align techniques are compared for a 2×2 system in various configurations. The results are used to formulate guidelines for choosing the most suitable technique for a given position and orientation of the surface with respect to the zones. Second, numerical optimization is employed to validate the techniques and test their applicability to systems with additional control sensors, sources, and surfaces. Source weights were determined using regularized ACC (Sec. II.D). The regularization was frequency independent with β = 10 −6 , which was the smallest value that avoided singularity in the numerical solutions. This type of regularization parallels the approach from the analysis in Secs. III and IV, where β was assumed to be negligible or infinitesimal. The squared pressures in each zone were calculated for forty-four frequency bins with one-twelfth octave band spacing in the range 250-3175 Hz. The motivation behind the logarithmic spacing was to avoid bias from regular variations of pressure over frequency. To evaluate the system, the frequency-averaged squared pressure was calculated at each monitor sensor. When calculating the averages, values at each frequency were linearly weighted to compensate for the logarithmic spacing. The contrast was then obtained using Eq. (3). 
B. Numerical optimization of source positions
In this section, source positions are optimized by numerical search. This method has advantages: (i) it provides independent validation of the proposed techniques; (ii) it has capacity to reveal alternative techniques potentially overlooked in the analysis; (iii) it allows straightforward extensions (additional sensors, sources, and surfaces); and (iv) it is directly applicable to practical implementations. The considered systems are 2×2, 2×50, and 3×50, with one or two surfaces. Fig. 7 shows the geometries considered in the optimization process.
There were three surfaces, each with γ = 1, considered either individually or in combination. For the 2×2 system, the same sensor layouts as in Fig. 5 were used. For the 2×50 and 3×50 systems, there were twenty-five setup sensors in each zone, arranged on square 5 cm grids that were centered at the setup sensor positions used for the 2×2 system. There were thirty-six subsets of candidate sources located around zone B on a 2 m radius circle (10 ○ interval). Each subset contained a fixed source and candidate sources located on the inner and outer arcs around that source. There were thirty-seven candidate sources on each arc (5 ○ separation). In the 2×2 and 2×50 cases only the inner arc was considered, whereas for the 3×50 system the candidates from both arcs were used.
The optimization procedure was based on the principle of a beam search: a small number of solutions were developed in parallel to increase the probability of finding a good solution with minimal search effort 34 . First, each subset was tested for the best array orientation. Symbols: ◻ zone, ⨉ array center, -array axis, surface.
produce 94 dB SPL in zone A (measured as the average SPL at the setup sensors).
1. 2×2 system with a single surface. Fig. 8 shows the optimization results for a 2×2 system with a surface in three different positions, overlaid on the SPL maps for the optimized arrays at 1 kHz. The Null-Split, Far-Align, and Near-Align arrangements were chosen as optimal for the North, East, and West surfaces respectively, which demonstrates the validity of these solutions. The Null-Split produces a narrower null in zone B than the Far-and Near-Align, which was indicated by the analytic results in Sec. IV.A. The array selection follows the general guidelines from Sec. V.A. It was verified that all three arrays fulfilled the positioning requirements for increased contribution of pressure in zone A to contrast, which confirms that it is an important factor in the selection. A-the direct sound in that zone is excessively attenuated, but this is compensated by strong reflections produced by the array located close to the surface. These reflections interfere with the direct sound, creating pressure nulls in zone A periodically at certain frequencies. However, the influence of these nulls on contrast is balanced out by effective cancellation-Near-Align facilitates destructive interference between the direct and reflected sound, producing a localized minimum in zone B. 
C. Evaluation of the optimized systems
In this section, the optimal arrays from Sec. Further improvement should be obtained from optimizing the source positions for maximum contrast. Table III shows the frequency-averaged contrast for the 2×2, 2×50, and 3×50 systems.
In all cases, the ACC R-R-R systems achieved the highest contrasts (results in boldface), exhibiting the smallest degradation of performance with respect to ACC A-A-A. While an average 18.6 dB contrast loss was observed for ACC R-R-R configurations in the single surface scenario, in the ACC M-R-R, ACC A-A-R, ACC A-R-R, and SPM R-R-R cases the contrast was degraded on average by 58.9 dB, 42.7 dB, 33.9 dB, and 52.9 dB respectively.
This demonstrates the benefits of source optimization using the Null-Split, Far-Align, and
Near-Align techniques and their approximations. Moreover, these results indicate that ACC implemented on a geometrically optimized array, even for direct sound only, is a more suitable sound zone reproduction strategy than SPM when strong individual reflections occur. Comparison of the ACC A-R-R and ACC R-R-R contrasts for the systems with two surfaces shows an average 9.6 dB gain when using configurations that combine Null-Split, Far-Align, and Near-Align instead of sources optimized considering the direct sound only.
D. Robustness to implementation errors
The proposed source optimization techniques will be subject to implementation errors in practice. This section investigates the techniques' sensitivity to source and surface positioning, and to reflectivity errors. The techniques are represented by 2×2 arrangements optimized for a single surface (ACC R-R-R) from Sec. V.C, and compared with SPM (SPM R-R-R). Random source and surface position errors were drawn from independent normal distributions for x and y coordinates. Normally-distributed errors to the surface reflection coefficients were introduced similarly. In each case, the procedure was repeated for 100 trials and the mean acoustic contrast over all trials was obtained. 
